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Abstract. In this paper, the absorption coefficient and emissivity of non-equilibrium atomic hydrogen plasma have been
calculated in the case of a steady state shock wave. For this purpose, the atomic level population profiles along the shock
wave have been calculated using a collisional-radiative model coupled with the electron Boltzmann equation. The spectral
coefficients are in turn the input for solving a one-dimensional radiative transfer equation, which allows to calculate the
radiation intensity and radiative flux in the plasma slab.
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INTRODUCTION

TO describe the spectra emitted by a plasma in shock wave conditions, thermo-chemical non-equilibrium should be
taken into account. Usually, the absorption coefficient and emissivity are calculated assuming the level population

densities to be described by a Boltzmann distribution at the temperature associated to the particular degree of freedom
(multi-temperature plasma). However, accurate investigation based on state-to-state kinetics [1] shows that internal
level populations are strongly affected by ionization resulting in the depletion of higher excited levels respect to
Boltzmann. The underpopulation of these levels lowers the plasma emissivity [2]. These aspects have been already
investigated using a zero-dimensional time dependent collisional-radiative model where shock wave conditions were
approximated by imposing an abrupt increase of the gas temperature [2]. In this paper, we have improved the model
by coupling the solution of the one dimensional steady-state continuity equations with the collisional-radiative model.
In this way, spatial profiles for plasma composition and level densities can be calculated and used as input data for the
one-dimensional radiative transfer equation to determine the radiation energy and fluxes.

MODEL DESCRIPTION

The hydrodynamic description of the shock wave is studied using the steady state continuity equations [3, 4, 5], while
plasma composition, H level and electron kinetics are described with a collisional-radiative model and the electron
Boltzmann equation. Finally the radiative field is determined using the radiative transfer equation. In this section we
briefly describe each of these methods.



Steady-state shock wave continuity equation

A shock waves is characterized by a rapid rise in pressure, temperature and density of the flow. In experimental
studies of nozzle flow, steady state conditions are achieved and the following conservation laws for mass density,
momentum and energy fluxes can be applied:

ρ1u1 = ρ2u2 = c1 (1)

ρ1u2
1 +P1 = ρ2u2

2 +P2 = c2 (2)
1
2 u2

1 +h1 =
1
2 u2

2 +h2 = c3−∆Qrad (3)

where ρ is the mass density, u the flux velocity, P the pressure, h the total entalpy, and the subscripts i = 1,2 refers
to the upstream and downstream variables respectively. The term ∆Qrad in the energy equation accounts for radiative
energy losses that in our model are limited to spontanous emission and radiative recombination.

The enthalpy h is made up of a traslational and an internal contribution

hT = cPT (4)

hint = ∑
s

(
h f s +∑

i
εsiχsi

)
xs (5)

where cp is the total specific heat at constant pressure per unit mass, T the gas temperature, h f s the formation enthalpy
of the s−th specie, εsi the energy of the i−th internal level of the s−th specie with χsi the corresponding molar fraction
and xi the mass fraction of the specie. The system (1–3) is closed using the perfect gas equation of state.

Collisional-radiative model

The composition and level population of the (H,H+,e−) plasma at each spatial point have been determined with a
collisional-radiative model. The model solves a system of rate equations, one for each internal level, taking into account
the rate coefficients of the most relevant collisional and radiative processes. Only collisional processes promoted by
free electrons have been considered, neglecting heavy-heavy collisions. The included processes are: excitation/de-
excitation by electron impact, ionization and three-body recombination, spontaneous emission and absorption and
radiative recombination. The resulting system of equations is
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where n′ is the principal quantum numbers of the atomic states, kn′n,knn′ the excitation and de-excitation rate co-
efficients in cm3s−1, kn′i,krn′ the ionization and three body recombination rate coefficients in cm3s−1 and cm6s−1,
Ann′ (s−1) the Einstein coefficient for spontanous emission and βn′ the rate coefficient for radiative recombination in
cm3s−1. Electron impact rate coefficients have been calculated from the relevant cross sections and the electron energy
distribution function (EEDF), the latter obtained by the solution of the electron Boltzman equation:

d fe(ε, t)
dt

=−dJE

dε
− dJel

dε
− dJe−e

dε
+Sin +Ssup (7)

where d fe(ε,t)
dt is the rate of change of the EEDF at a given energy ε , and JE , Jel, Je−e are flux terms in the electron energy

space due to electric field, elastic collisions with atom and ions and electron-electron elastic collisions respectively. Sin
and Ssup are the source terms due to inelastic and superelastic collisions. The inelastic processes correspond to electron
impact excitation and ionization, while superelastic ones to de-excitation and recombination.



Radiative transfer equation

Radiative transfer has been described using the following non-scattering axisymmetric 1D radiative transfer equation
(RTE) in slab geometry

µ
dIν(x,µ)

dx
= je

ν(x)+κ
′
ν(x)Iν(x,µ) (8)

where Iν(x,µ) is the radiation intensity in erg cm−2s−1sr−1Hz−1 propagating along a ray with director cosine µ with
respect to the x−axis. The term je

ν(x) is the spectral emissivity in erg cm−3s−1sr−1Hz−1, while κ ′ν(x) is the absorption
coefficient corrected for stimulated emission. These coefficients are calculated from the local level densities, taking
into account the bound-bound, bound-free and free-free radiative processes. For bound-bound processes the most
important line broadening effects have been taken into account [6, 7, 8, 9], even if the modelling of the first Balmer
(and probably Lyman) lines should be improved [2] to obtained a better agreement with experiment.

Once the RTE has been solved, other important quantities can be calculated [3]

Jν(x) =
1
2

∫ 1

−1
Iν(x,µ)dµ (9)

qν(x) = 2π

∫ 1

−1
Iν(x,µ)µdµ (10)

dqν
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= 4π

(
je
ν(x)−κ

′
ν Jν(x)

)
(11)

where Jν , qν(x) and dqν(x)/dx are spectral average intensity, radiative flux and radiative flux divergence respectively.

RESULTS

In this section, we present results obtained by imposing the following initial conditions in the preshock region:
P1 = 10−2 atm, Tgas = 1000 K, χH = 1, χH+ = χe− = 10−10, M1 = 20 mach. The x = 0 coordinate is set at the
shock front, while preshock and postshock regions are at x < 0 and x > 0respectively.

In figure 1 the spatial distributions of H,H+ and e− and Tgas, Te and TH are reported. The internal H atom temperature
has been calculated as the temperature of a Boltzmann distribution fitting the actual populations of the ground and first
excited levels. Two distinct phases can be identified in the post shock: a ionization and a recombination one. These
two regimes are linked to the gas temperature space distribution, characterized by a sudden increase just after the
shock front, while after a certain distance, radiative losses dominate causing the progressive cooling of the gas. In
the ionization region TH and Te is lower than Tgas but both reach T gas at the point corresponding to the maximum of
H+ and e− density. After this point Te remains approximately equal to Tgas since e−–H+ collisions are quite effective
in equilibrating the two temperatures. On the other hand TH decreases to a lower value due to the effect of radiative
losses. It should be remarked that because we neglect atom-atom ionizations processes and direct photoionization of
neutral atoms, the electron density increase rate is underestimated, and the position of the ionization maximum should
be nearest to the shock front than predicted by our model.

In figure 2 (a) the internal atom distributions are reported at different space points. In the ionization region,
corresponding to curves 1–3, non-equilibrium distribution, characterized by underpopulation of higher excited states
are shown. Curve 4, corresponding to the electron density peak of about 71017 cm−3 shows that at this point
equilibrium has been reached. After that distributions start to cool down, deviating from the Boltzmann distribution
due to a slight overpopulation of higher levels characteristic of the recombination regime.

An analogous trend is observed in the EEDF curves. In the ionization phase an underpopulation of the high energy
tail of the distributions can be observed. At the maximum electron density point, currespnding to curves 4 and 5, the
EEFD is essentially Maxwell, while in the recombination regime (curves 6–9), superelastic collisions (electron impact
de-excitation of atoms) lead to a peak of the distribution at 10.2 eV corresponding the supereleastic collision between
the n = 2 to n = 1 states of atomic hydrogen.

In figure 3 the kinetic energy flux FK = 1
2 c1u2, the entalphy flux Fh = (hT +hint)c1 and the radiative flux defined in

eq. (10) are reported as a function of the spatial coordinate. The kinetic energy flux shows a sudden decrease across
the shock front due to the jump in the flow velocity, while the enthalpy flux increases with the gas temperature Tgas. On
the other hand the radiative flux abruptly changes sign near the point of maximum ionization and excitation of internal
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FIGURE 1. Spatial distribution of a) molar fractions of H,H+, e− and b) Tgas, Te and TH in the shock wave propagating
through partially ionized hydrogen gas with upstream conditions characterized by P1 = 10−2 atm, Tgas = 1000 K, χH = 1,
χH+ = χe− = 10−10, M1 = 20. The numers refers to the following coordinate values (m): x0 = 0, x1 = 1.5, x2 = 3, x3 = 3.2189,
x4 = 3.27959, x5 = 3.28689, x6 = 3.29642, x7 = 3.50227, x8 = 4.00199, x9 = 5.

states. It is worth noting that a negative sign of the radiative flux means a net flux of radiation propagating from right
to left, while a positive sign implies that radiation is propagating from left to right. The rapid variation of the radiative
flux is a consequence of the large absorption cross section (101÷103 cm−1) near the point of maximum ionization.

In figure 4 the local source function Sν = je
ν/κ ′ν computed using the actual densities and temperatures of the CR

model is reported at the x-positions marked as 5 and 6 in figure 1. By the Kirchhoff-Planck relation, this quantity
equals the blackbody intensity Bν(T ) at thermodynamic equilibrium, and remains very close to Bν(T ) in LTE [3]. In
figure 4 the function Bν(T ) calculated at the local Tgas is also reported.

Figure 4 shows that the Sν distribution is nearly equilibrium at point 5, characterized by a Boltzmann level
distribution and by a Maxwell EEDF, see figure 2. At point 6 the recombination phase has just started with the
consequence that the spectral region of Lyman lines and ground state photoionization is below the equilibrium
distribution. This is due to both a reduction of emissivity, as a consequence of the decreased population of excited
states number density, and an increase of the absorption coefficient of radiative transitions starting from the ground
state.

CONCLUSIONS

A model for the simulation of the spectra emitted by an hydrogen plasma in shock wave conditions has been
described. The model solves the steady state shock wave continuity equations taking into account radiative losses
due to spontaneous emission and radiative recombination. Non-equilibrium has been accounted using a state-to-
state approach (CRM) for excited level populations and the free-electron Boltzmann equation for electron energy
distribution function. The radiative flux and has been obtained through solution of the one-dimensional radiative
transfer equation.

In the post shock flow a ionization a a recombination regions are observed, each one characterized by non-
equilibrium internal level and EEDF distributions leading to corresponding non-equilibrium spectral distribution. A
small intermediate region where distributions are nearly equilibrium, located between the ionization and recombination
regions has been found, corresponding to the maximum of the ionization degree.

Future developements include the coupling of the radiative transfer equation with the Collisional-Radiative model
to calculate rates for radiative processes self-consistently with the radiation field. The kinetic model will be improved
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FIGURE 2. (a) H level populations distribution as a function of the level energy and (b) electron energy distributions a a function
of electron kinetic energy at various spatial positions. Numbers refer to the space positions reported in figure 1.
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FIGURE 3. Kinetic and entalpy energy fluxes (a) and radiative energy flux (b) as a function of position.
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FIGURE 4. Local spectral source function Sν = jeν/1κ ′ν at two difference spatial positions after the shock front, compared to the
corresponding equilibrium distribution at the local value of Tgas. Numbers refer to the space positions reported in figure 1.

by including atom-atom impact ionization and photo-ionization for a more realistic description of the ionization phase.
Finally, to extend the validity region of the model towards lower gas temperatures, a model for H2 level kinetics should
be implemented.
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